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Overview

• lecture 1 - introduction and Monte Carlo techniques

• lecture 2 - matrix elements and parton showers

• lecture 3 - multi-parton interactions, hadronization, and
non-perturbative effects
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Factorization Theorem

σ =

∫
dx1

∫
dx2 f1(x1,Q

2)f2(x2,Q
2)σ̂

• proven for some processes, assumed for many

• fi - parton distribution function for parton i

• xi - longitudinal momentum fraction for parton i

• Q2 - factorization scale

• σ̂ - partonic cross section

• to generate events we need to sample phase space according
to differential cross section

• use the MC sampling techniques of lecture (1)

• first we need to define our kinematics, consider 2→ 2 process
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Parton Distribution Functions
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• match order of PDF with calculation (including parton
showers)
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Kinematics
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p4

s = (p1 + p2)2 = (p3 + p4)2

p1
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t = (p1 − p3)2 = (p4 − p2)2
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u = (p1 − p4)2 = (p3 − p2)2
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Kinematics

• define 4-momentum of the two beams

p1 = (0, 0,Ex1,Ex1)

p2 = (0, 0,−Ex2,Ex2)

⇒ ŝ = x1x2s

• distributions are uniform in azimuthal angle φ with
unpolarized beams, only care about θ̂

0 = ŝ + t̂ + û

t̂ = − ŝ

2
(1− cos θ̂)

û = − ŝ

2
(1 + cos θ̂)
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Kinematics

• need to only consider x1, x2, and cos θ̂

• typically transform x1 and x2, helps control general behaviour

τ = x1x2 =
ŝ

s

y =
1

2
ln

x1
x2

z = cos θ̂

• for the massless case, we then have

σ =

∫
dτ

∫
dy

∫
dz

ŝ

2τ
x1f1(x1,Q

2)x2f2(x2,Q
2)

dσ̂

dt̂

7 / 39



Sampling Phase Space

• phase space, even for 2→ 2 can be complicated

• PDFs with peaking behaviour

• divergent cross sections regulated with cut-offs

qq′ → qq′ :
dσ̂

dt̂
=
πα2

s4(ŝ2 + û2)

9ŝ2t̂2

qg → qg :
dσ̂

dt̂
=
πα2

s

(
ŝ2 + û2

) (
9ŝ û − 4t̂2

)
9ŝ3t̂2û

gg → qq̄ :
dσ̂

dt̂
=
πα2

s

(
t̂2 + û2

) (
4ŝ2 − 9t̂ û

)
24ŝ4t̂ û

• importance sample independently in τ , y , and z

• carefully construct each g(x) for maximum efficiency
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Sampling Phase Space

hτ (τ) =
c1
I1

1

τ
+

c2
I2

1

τ2
+

c3
I3

1

τ(τ + τR)
+

c4
I4

1

(sτ −m2
R)2 + m2

RΓ2
R

+
c5
I5

1

τ(τ + τR′)
+

c6
I6

1

(sτ −m2
R′)2 + m2

R′Γ2
R′

hy (y) =
c1
I1

(y − ymin) +
c2
I2

(ymax − y) +
c3
I3

1

cosh y

hz(z) =
c1
I1

+
c2
I2

1

a− z
+

c3
I3

1

a + z
+

c4
I4

1

(a− z)2
+

c5
I5

1

(a + z)2

• handle up to two resonances in hτ , plus inteference

• relatively flat for hy except third term for peak at 0 from PDFs

• hz handles divergent cross-section behaviour

• I〉 are normalization terms, ci are optimized
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Color Flows

• processes have multiple diagrams, e.g. qg → qg
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Color Flows

|M|2 = |M1 +M2|2

= |M1|2 + |M2|2 + Re(M1M2∗)

• combine based on large color limit, Nc →∞
interference

total
∝ 1

N2
c − 1

|M′|2 = |M′1|2 + |M′2|2

|M′i |2 = |M|2
(
|Mi |2∑
j |Mj |2

)
Nc→∞
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Numerical Precision
• need to be careful about form of dσ̂ /dt̂
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Numerical Precision
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Loops and Legs
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Loops and Legs

• significant work has gone into filling out this schematic

• state of the art, as of 2019
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Loops and Legs

• number of tools provide automated legs with up to one loop

• Sherpa with Comix and external loop generators

• Herwig 7 with MatchBox

• MadGraph 5 with aMC@NLO
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NLO Contributions

qq → Z0

p⊥

dσ/ dp⊥

lowest order
finite σ0

qq → Z0g etc.

p⊥

dσ/ dp⊥

real, +∞

qq → Z0 with loops

p⊥

dσ/ dp⊥

virtual, −∞

• high pT tails are critical for new high mass searches and
precision measurements
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NLO Contributions
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• NLO results typically begin to converge

• work well for inclusive cross sections

• need to be careful for differential cross sections
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A Perturbing Problem
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A Perturbing Problem
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A Perturbing Problem
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A Perturbing Problem
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A Perturbing Problem
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QCD Structure

z = Eg/Eq

θ

q̄

q

g

γ

e−

e+

q̄

g

q

γ

e−

e+

q̄

g

q

dσ ≈ σ
(

2 dcos θ

sin2 θ

)(αs

2π

)(N2
c − 1

2Nc

)(
1 + (1− z)2

z

)
dz

• factorize into general form given any splitting kernel Pi

dσ ≈ σ
∑
i

dθ2

θ2
Pi (z , αs) dz

• diverges when collinear (θ → 0, π) or infrared (z → 0)
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Timelike Parton Shower

∆(Q2, q2) = exp

[
−
∫ Q2

q2
dq′2

1

q′2

∫ 1−Q2
0/q

′2

Q2
0/q

′2
dz Pj(z , αs)

]

1 pick a uniform R

2 solve ∆(Q2, q2) = R for q2

3 if q > Q0 generate emission and repeat from 1

4 if q ≤ Q0 terminate shower

• this is just the veto algorithm!
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Veto Algorithm Refresher

N(t) = exp

(
−
∫ t

0
dt ′ f (t ′)

)
= R

⇒ t = F−1(F (0)− lnR)

1 start with i = 0 and t = 0

2 increment i

3 ti = G−1(G (ti−1)− lnR)

4 y = Rg(ti )

5 if y > f (ti ) return to 2 otherwise accept point

• t = q

• ∆ = N(t)

• f (t) = 1
q2

∫ 1−Q2
0/q

2

Q2
0/q

2 dz Pj(z , αs)
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Spacelike Parton Shower

∆(Q2, q2, x) = exp
[
−
∫ Q2

q2
dq′2

1

q′2

∫ 1−Q2
0/q

′2

Q2
0/q

′2
dz

Pj(z , αs)
x

zx

f (x/z , q′2, k)

f (x , q′2, j)

]

• initial x is given by the hard scatter

• evolve from low x to high x

• evolve from high q to low q
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Splitting Kernels

• same splitting kernels as for DGLAP evolution

• only proportionality given here

g → gg q → qg g → qq

1− z

z
+

z

1− z
+z(1−z)

1− z

z
+

z

2
− 2µ z2 + (1− z)2 + µ2
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Reverse Engineering with Jets

• try to unfold initial hard partons from final state particles

1 collinear safe → collinear emission changes nothing
2 infrared safe → soft emission changes nothing
3 insensitive to non-perturbative effects
4 applicable to both parton and hadron level

• inclusive sequential clustering is algorithm of choice at LHC

dij = min(p2pTi , p
2p
Tj )

∆R2
ij

R2
, diB = p2pTi

1 select minimum d
2 if dij , combine particle i and j
3 if diB , consider particle as jet and remove from clustering
4 terminate if no particles otherwise return to 1
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Flavors of Sequential Clustering

Cambridge/Aachen kt anti-kt

p = 0 p = 1 p = −1

• Cambridge/Aachen considers only geometry

• kt and anti-kt also consider momentum

• anti-kt provides circular jets in R at high-pT
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SoftDrop and Jet Sub-structure

• what happens with boosted topology when Qhard � Qobs,
e.g. W ,Z ,H → qq̄?

• anti-kt produces a single jet → need jet sub-structure

• use jet sub-structure technique like SoftDrop

j0

j1→
j0

j2

j1 j2

final state particles

min(pT1, pT2)

pT1 + pT2
> zcut

(
∆R12

R

)β

1 create fat anti-kt jets

2 build Cambridge/Aachen
tree for each fat jet

3 split j0 into sub-jets j1 and j2

4 if j1 and j2 fulfil SoftDrop
condition, terminate

5 otherwise, assign j0 to larger
pT sub-jet and return to 3
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Averaged Massless Splittings
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arXiv:1704.05842

• SoftDrop provides direct access to the hardest 1→ 2 splitting
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LEP Era Parton Showers

• standard 1→ 2 branching (Pythia, Herwig)

q
q

g
g

g

g
g

q

q

• dipole 2→ 3 emissions (Ariadne)

qq
qq

g

q
q

g

g

• most new parton showers are dipole motivated (Vincia,
Dire)
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Ordering in LEP Era Parton Showers

PYTHIA: Q2 = m2

y

p2⊥

large mass f rst
⇒ “hardness” ordered

coherence brute
force

covers phase space
ME merging simple
g → qq simple

not Lorentz invariant
no stop/restart

ISR: m2 → −m2

HERWIG: Q2 ∼ E 2θ2

y

p2⊥

large angle f rst
⇒ hardness not

ordered
coherence inherent
gaps in coverage

ME merging messy
g → qq simple

not Lorentz invariant
no stop/restart

ISR: θ→ θ

ARIADNE: Q2 = p2⊥

y

p2⊥

large p⊥ f rst
⇒ “hardness” ordered

coherence inherent

covers phase space
ME merging simple
g → qq messy
Lorentz invariant
can stop/restart

ISR: more messy
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Summary

• factorization theorem is crucial to allow for perturbative
calculations

• sampling phase space for matrix elements can be suprisingly
tricky

• be careful of numerical precision issues

• NL* terms can include both real and virtual contributions

• significant progress in automated n real with one virtual

• parton showers can fill in the gaps

• quite some choice (with corresponding pitfalls) in how to
create a parton shower
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